We present a modeling and computational approach to study fusion of multicellular aggregates during tissue and organ fabrication, which forms the foundation for the scaffold-less biofabrication of tissues and organs known as bioprinting. It is known as the phase field method, where multicellular aggregates are modeled as mixtures of multiphase complex fluids whose phase mixing or separation is governed by interphase force interactions, mimicking the cell-cell interaction in the multicellular aggregates, and intermediate range interaction mediated by the surrounding hydrogel. The material transport in the mixture is dictated by hydrodynamics as well as forces due to the interphase interactions. In a multicellular aggregate system with fixed number of cells and fixed amount of the hydrogel medium, the effect of cell differentiation, proliferation, and death are neglected in the current model, which can be readily included in the model, and the interaction between different components is dictated by the interaction energy between cell and cell as well as between cell and medium particles, respectively. The modeling approach is applicable to transient simulations of fusion of cellular aggregate systems at the time and length scale appropriate to biofabrication. Numerical experiments are presented to demonstrate fusion and cell sorting during tissue and organ maturation processes in biofabrication.
Introduction
Tissue fusion is a fundamental phenomenon during embryonic development and morphogenesis [1] . The natural tissue fusion in vivo usually occurs in two steps. It starts from the initial tissue opposition and follows by sequential actual tissue fusion after establishing direct contacts between adjacent embryonic tissues. The impaired tissue fusion process during embryonic development can result in embryonic malformation and defects, such as cleft palate. In the past, bioengineering processes have been devised to fabricate tissues under controlled conditions using cell self-assembly on well-designed scaffold, in which one seeds cells into biodegradable polymer scaffolds or gels, which are then cultured in bioreactors for several weeks and finally implanted into the recipient organism, where the maturation of the new organ continues [2, 3] .
In a novel biomimetic biofabrication process, known as "bioprinting," multicellular tissue spheroids or other shapes of aggregates are used as fundamental building blocks to construct the 3D tissue or organ [2] [3] [4] [5] . The multicellular aggregates are first prepared in the form of tissue spheroids, rods or other stable and simple configurations that consist of thousands of cells blended with biocompatible hydrogels. They are then directly deposited or laid by computer-aided design tools into desired 3D tissue or organ constructs via the layer-by-layer deposition technique or other efficient assembly methods. The printed bioconstructs immersed in a hydrogel are then placed in bio-incubators for further maturation. During the incubating process, the construct made up of the cellular aggregates immersed in a compatible hydrogel is expected to morph into a 3D tissue or organ following the natural rule of histogenesis and organogenesis [2, [6] [7] [8] . During this process, tissue selfassembly, fusion, proliferation, differentiation, and maturation take place. For instance, experimental evidence demonstrates that setting lumenized vascular cellular spheroids in a roll to allow them to fuse, as the result of tissue fusion, a lumenized vascular tube can be formed [5] . Tissue fusion driven biofabrication is a fundamental biophysical and biochemical process in emerging organ bioprinting technology, whose fundamental mechanisms dictating final fused bioconstructs warrants a thorough experimental, as well as theoretical investigation.
In bioprinting, the bioconstructs ranging from the ones comprised of tissue spheroids or other stable and simple cellular constructs to functioning tissues or organs all exhibit fluid behavior during tissue fusion processes and are bona fide soft materials with various degree of viscoelasticity. Numerical simulations of the morphogenesis phenomenon in bioprinting using the Monte Carlo method and experimental evidences [2, 3, [6] [7] [8] [9] reveal a strong influence of surface tension to the tissue aggregate fusion in the biofabrication process when the biomaterials (tissue spheroids and hydrogel matrices) are regarded as viscous fluids. A separate study using experimental methods and numerical simulations with the cellular Potts model also explored the effect of surface tension and hydrodynamics to the rounding of the cellular aggregate [10] . The experimental evidences and Monte Carlo simulations also demonstrate an interesting phenomenon called compaction observed initially in the self-assembly of the bioconstruct before it evolves into a smooth tissue or organ [3, 11, 12] . This phenomenon resembles the long rang attractive interaction among small particles, but it occurs at a much larger length and time scale. The molecular origin of the compaction can be traced to cell motility or chemically induced electrostatic interaction between cells mediated by the hydrogel. At large length and time scales, the phenomenon can be modeled using a coarse-grain model featuring the long range multicellular aggregate-aggregate interaction, which will be detailed in the next section.
It is known that cell aggregates exhibit fluidlike behavior during the tissue fusion process at large length and time scales [3] , known as the Differential Adhesion Hypothesis (DAH) [23] . Both the multicellular cell aggregates in the form of tissue spheroids and the hydrogel in which the tissue spheroids are embedded are in fact multiphase complex fluids in nature especially in the time and length scale we are interested in. Together, they form a coarsegrain multiphase complex fluid system, in which a multiphase fluid component is the hydrogel while the others are the cellular aggregates. We remark that if multiple cell types are involved in the cellular aggregates, each cell phase has to be individually represented by a complex fluid phase. The dynamics of the multiphase fluid system can then be modeled in the coarse-grain length scale by models suitable for multiphase complex fluids. Given the large time scale in tissue fusion, elasticity of the tissue spheroids and the bioconstructs made up of the tissue aggregate can be effectively ignored unless an imposed external field is introduced which brings about new time scales of interest. We can then model the bioconstructs at this time scale approximately as viscous fluids. An excellent review for biofabrication methods, physical mechanisms, and the discussion on the fluidity cellular aggregates is available in [3] . An elasto-visco-plastic continuum model is developed to investigate the cell aggregate deformation properties in tension [13] , in which a trigger for yield stress is implemented. In the large time scale, the model reduces to the viscous limit.
The detailed biophysical and biochemical mechanism of tissue fusion is not fully understood so far given the complexity of cell motility. Modern mathematical modeling and computer simulations provide the opportunity for one to explain the physical nature of tissue fusion process and to predict plausible outcomes that are essential for designing optimal bioprinting processes at the time and length scale of engineering interest. When multiphase complex fluids models are adopted to study cellular aggregate fusion, the phase field formulation is a straightforward way to formulate the multiphase complex fluids model. In an immiscible binary fluid, for example, the phase field method employs a phase variable 0 / 1 to track each phase in the binary fluid: / ¼ 1 describes the phase of fluid I and / ¼ 0 denotes the one occupied by fluid II while 0 < / < 1 describes the interfacial region, which is normally thin in these materials. The phase variable is also known as a labeling function for identification purposes. The time evolution of the phase variable / is governed according to the Cahn-Hilliard equation [14, 15] 
where k is proportional to the mobility and l is the chemical potential of the two-phase fluid system, a functional of the phase variable /, and d//dt is the material derivative. The phase variable / can be identified with the volume fraction of fluid I, so 1 À / serves as the volume fraction of fluid II. In this formulation of the transport equation for /, the flux of / is assumed to be proportional to the force due to the prescribed chemical potential. However, a more physically appropriate assumption is to assume the excessive transporting velocity of /, in addition to the bulk/ average velocity, is proportional to the force due to the chemical potential, a consequence of the friction dynamics [16, 17] . This leads to the singular or modified Cahn-Hilliard equation [18, 19] 
where k s is the mobility. If we assume mixing only takes place in the interfacial layer, it would be reasonable to assume
s is a constant. Hence, the volume fraction will retain a constant within the bulk of each fluid. In the classical Cahn-Hilliard equation, k is a constant, whereas it is a phase variable dependent function in the modified case. As k ! 0, the transport equation for the phase variable reduces to a pure transport equation for the phase boundary which is commonly used in the level-set method [20, 21] .
The phase field model, also known as the diffuse interface method, benefits from the dissipation mechanism in the transport equation for /. There exists an interfacial layer in which two fluids mix due to the dissipation. It is expected to maintain a constant value for the phase variable / outside the layer. For a slowly varying interface in space, namely, the interface with a small or intermediate curvature, phase field models yield acceptable interfaces with thickness controlled within a few computational grid points by a parameter in the potential together with the mobility. When the curvature becomes large, resolving the interfacial layer accurately becomes a challenge. Our spectral based numerical methods stand the best chance to render the desired resolution compared with any existing computational methodologies. Nonetheless, the material system consisting of cellular aggregates and the host hydrogel matrix does not necessarily maintain a sharp interface at the coarse-grain level given the cell motility and interdiffusion between the cell and the hydrogel. Hence, the phase field method coupled with the spectral numerical resolution may serve as a good systematic way to model this biomaterial system in coarse-grain.
Recently, we developed such a phase field model system for binary complex fluid systems [22] . To formulate the cellular spheroid fusion in a hydrogel matrix involving single cell type, we identify the cellular spheroid phase as fluid I and the ambient fluid phase, the hydrogel, as fluid II in the framework of binary phase field theories. We account for three distinct interaction forces between these two "immiscible" fluids. Firstly, we introduce a short-range repulsive bulk potential to maintain the clear separation between the two distinctive fluid phases, i.e., a force to maintain immiscibility between the two fluids. Secondly, we use a configurational entropic term in the interaction potential to describe the philic interaction between the cellular spheroids in close proximity and the resultant surface tension when coupled with the bulk potential. Thirdly, we incorporate a long-range attractive interaction potential based on collective Lennard-Jones interaction among the cells physically. The third force is necessary to model the compaction process observed in the initial selfassembly process of cellular aggregates. This new force included in this phase field model can be viewed as a collective interaction between cells within a cellular aggregate and across cellular aggregates as the result of cell-cell attractive interaction among like cells mediated by the hydrogel or other extracellular matrices. The genesis of the force is not yet clear, but its existence is experimentally evident at the presence of the extracellular matrix such as collagen or elastin [5] . Our phase field model is primarily developed based on these interaction forces and their coupling with the mass and momentum transport of the binary fluid system. Should additional forces between the adjacent cellular spheroids be identified experimentally at the cellular level, a potential for the mean force can be derived accordingly. For multiple type cell aggregates, we extend the above formulation to account for the added cellular phases as well as their interactions, which will be detailed in this paper.
In addition to the phase field approach to the study of cellular aggregate fusion, we also employed a multicellular lattice model, which describes the interaction between cells based on the differential adhesion hypothesis (DAH) proposed by Steinberg [23] , to study the phenomenon. DAH implies that early morphogenesis is a self-assembly process, whereby mobile and interacting cells spontaneously give rise to the morphological structure [24] [25] [26] . This hypothesis states that (i) cell adhesion in multicellular systems depends on energy differences between different types of cells and (ii) an aggregate of cells are motile enough to reach the configuration which minimizes the interfacial energy of the system. In light of the DAH, embryonic tissues mimic the behavior of highly viscous, incompressible liquids and their liquidlike phenomena can then be interpreted using the theory of ordinary liquids, consistent with the multiphase fluid theory adopted by Yang et al. [22] . Many embryonic tissues have been characterized in terms of effective tissue surface tension, which were measured and consistent with the mutual sorting behavior of these tissues [27] . As one of the most important principles of developmental biology, DAH provides a connection between the tissue surface tension and the strength of adhesion between cells constituting the tissue. The implications of DAH have been confirmed not only in vitro and in silico [28, 29] , but also in vivo [30, 31] .
DAH provides useful predictions on equilibrium tissue configurations when implemented using Monte Carlo methods, but this implementation cannot address the question of how these configurations are developed in time since the time used in the Monte Carlo method is not the real time. Instead, in our in silico experiments, we employ the kinetic Monte Carlo (KMC) algorithm [32] to simulate the stochastic dynamics of the cells based on the Arrhenius law [33] . The reason to choose KMC instead of the Metropolis Monte Carlo (MMC) method [34] is that the KMC method can provide the transition rates which are associated with possible configurational changes of the multicellular system, and then the corresponding time evolution of the system can be expressed in terms of these rates. Our goal of developing the KMC simulation tool is to describe the self-assembly process of cells within tissue constructs during cellular aggregate fusion. The KMC method treats each cell as a point on the lattice and likewise a comparable sized medium chunk as a particle point on the lattice as well. It can thus deal with various types of particles (i.e., cells, including different cells, or hydrogel medium) present on each lattice site rather than following cell shape changes. Some preliminary simulation results can be found in [33] and more realistic simulations to aide engineering design in biofabrication will be forthcoming. These DAH based studies evidently endorse the fluid based phase field approach to study cellular aggregate fusion.
We organize the rest of the paper into three sections. In Sec. 2, we derive the detailed phase field model for multiphase fluids, discuss its nondimensionalization, and develop an efficient high order numerical scheme based on the spectral methods. In Sec. 3, we implement the numerical method and conduct some numerical experiments to show the usefulness of the model and the high resolution of the numerical methods. Finally, we draw the conclusion for the study.
2 Phase Field Models for Multicellular Systems 2.1 Model Formulation. We treat the multicellular aggregate as a blob of multiphase complex fluids and its surrounding hydrogel matrix as a viscous fluid in the time scale of our interest. The multicellular aggregates along with the surrounding fluid then form a multiphase fluid mixture of N immiscible fluids (i.e., hydrogels will not turn into multicellular aggregates and vice versa and moreover the cells will not exchange their identity in the aggregates), where N À 1 denotes the number of different cell types. We further assume the density for each cell type is identical and given by q 2 . This is apparently an approximation, but a reasonable one. The multiphase fluid system is assumed incompressible, which is also a reasonable approximation in this context under the assumption that we neglect the effect of cell proliferation. We use a set of phase variables / i ; i ¼ 1; …; N to label each phase in the fluid mixture system,
We designate fluid 1 as the ambient viscous fluid (i.e., the hydrogel) and the others the various cells, which we call phases in this paper. We denote the mass average velocity of the fluid mixture by u. The transport equation for the mass and momentum of the mixture system is governed, respectively, by the momentum balance and the continuity equation
where q ¼ / 1 q 1 þ ð1 À / 1 Þq 2 is the effective density for the mixture fluid, q 1 , s 1 and q 2 , s 2 are the density and the extra stress tensor for the fluid consisting of the host fluid matrix (hydrogel) and the cellular clusters, respectively, l is the extended chemical potential of the mixture system given below, and p is the hydrostatic pressure. We note that an external force can be added if we consider the material system in an external field, such as gravity or electromagnetic field. The chemical potential of the material system is calculated from the system free energy consisting of the extended "mixing free energy" [35, 36] defined by
where X is the domain that the mixture occupies,
is the Ginzburg-Landau double well potential employed here to differentiate different fluid phases, k B is the Boltzmann constant, T is the temperature, c 1i is a parameter measuring the strength of the conformation entropy, and c 2i is the strength of the bulk mixing free energy. This potential features a conformational entropic contribution which is universal among all microcomponents and a hydrophobic contribution due to the immiscibility between the hydrogel and the cells as well as among the various types of cells. On top of that, we introduce an additional like-cell interaction potential due to the long-range cellular interaction, where k is an even integer (i.e., k ¼ 2 in this paper,) and e ij is a suitably chosen energy constant which is influenced by the cellular environment around the surface of the cellular cluster (i.e., it can be a feedback function should more detailed signaling molecular information becomes available when cellular clusters are placed in proximity) and the hydrogel bound the cells, r 0 is the radius of each individual cell, r c defines the finite range of interaction. In this paper, we assume r c ¼ 2.5r 0 . We remark that the choice of the exponent k seems to be arbitrary in this paper. However, extensive numerical experiments show that it does not make any qualitative differences in the results if we choose k ¼ 2 or 4 or 6 or even larger even integers. What matters most here is the existence of the type of long-range interaction force. Integrating the above energies, we arrive at the total free energy of the system
The extended chemical potential for the material system is calculated by the variational derivative where
where k i is a mobility parameter that is normally a function of the volume fraction / i . Often, it is replaced by a constant for simplicity however. To enforce volume conservation, we set
It then follows that
Analogously, we can use the Cahn-Hilliard equation to transport the phases,
where
For the Allen-Cahn equation, one has to enforce an additional constraint for volume conservation with respect to each phase. Namely,
Technically, we add L i ½ Ð X / i ðx; tÞdx À Ð X / i ðx; 0Þdx to the free energy. For the Cahn-Hilliard equation, however, it is naturally enforced so that there are no constraints on the phase variables necessary.
The extra stress tensors are given according to the material's property of each fluid phase involved. Even though the multicellular clusters are Non-Newtonian in nature, the rheological response in long time is approximately viscous or Newtonian. In light of this, we assume the hydrodynamic behavior of the cellular aggregates is identical irrespective of the cell type. We therefore collectively call the cellular aggregates cellular fluids, and the surrounding materials the ambient fluid. Considering the large time scale involved in the morphological development process, we assume both fluids viscous with distinct viscosities,
where g 2 , g 1 are the viscosity for the cellular cluster fluid and the host fluid matrix, respectively, D is the rate of strain tensor for the mixture associated to the average velocity field u defined by
In order to model the endotheliation process, in which endothelial cells detect the interior of a vascular vein by haptotaxis, we consider a "haptotaxis" guidance for certain types of cells. For example, we let the cell of volume / i move along the gradient of r/ 1 to search for the edges of the ambient and cellular fluid interface. In this setting, the transport equation of / i for cell type i is given by
The parameter n i can be positive and negative depending on the properties of the cell-guidance cue interaction. If phase i and phase j coexist in a region, they may undergo cell-sorting, which is analogous to phase transition in the context of this model. Their interaction potential is perhaps best described by the Flory-Huggins-type,
where N i , N j are the polymerization indices and n ij is the mixing parameter. If we use this interaction potential, we would replace F(/ i ) þ F(/ j ) in the total potential alluded to earlier by this one. With this modification, the transport equation, especially, B would have to be modified accordingly. Of course, if the polymerization index is large enough, we can ignore the entropic contribution to this mixing free energy, and the previously crafted mixing potential can be used as a proxy for strong phase separation. In fact, this is what we adopt in this paper. We investigate the interfacial dynamics of the multiphase complex fluid system associated with the cellular cluster fusion in a computational 2D domain
At the boundary of the computational domain @X, we impose no-flux boundary conditions for the phase variables of the cellular fluids and hydrogels and the Dirichlet boundary condition for the average velocity,
Here n is the unit external normal of the computational domain. We next nondimensionalize the governing system of equations and then discuss the numerical methods for solving it numerically.
Nondimensionalization.
We use a characteristic time scale t 0 and a length scale h to nondimensionalize the variables
The length scale h is determined by the length scale of the bioconstructs that we simulate and the computational geometry that we choose while the time scale is done by either the growth time scale of the interface or the cellular cluster fusion time scale. The following dimensionless groups then arise:
where Re 1 and Re 2 are the Reynolds numbers for the cellular fluid and the ambient fluid, respectively, q 0 is an average (or a constant reference) density. For simplicity, we drop the $ on the dimensionless variables and the parameters. The system of governing equations for the binary fluid in these dimensionless variables is given by
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Transactions of the ASME where
The dimensionless chemical potential is now given by
2.3 Numerical Discretization: Spectral-Galerkin Methods. We apply the phase field model developed in the previous section to study fusion of multicellular aggregates/clusters when they are embedded in a host hydrogel matrix, i.e., the time evolution of the overall exterior boundary of the cellular clusters arranged in a designer's pattern for tissue and organ fabrication purposes. We develop the time discretized numerical scheme to solve the coupled system of Allen-Cahn and Navier-Stokes equations (2.20)-(2.22) here. We extend the first-order in time pressurecorrection scheme developed in [22, [37] [38] [39] [40] for the Navier-Stokes equation to the couple system of partial differential equations. For simplicity, we assume the density of the cellular fluid and the hydrogel are the same and then set the "dimensionless density" q ¼ 1 according to our nondimensionalization. Assuming that ðũ n ; u n ; p n ; / n Þ is known at the current time step t
is the initial condition shown in the each figure) , the numerical scheme for computing the unknowns at the next time level t nþ1 consists of the following three steps:
(1) Update the intermediate velocity fieldũ nþ1 ,
Enforce the divergence-free condition through projection to obtain velocity and pressure (u nþ1 , p nþ1 ),
The schemes (2.24)-(2.25) are the so-called first order pressure correction scheme, a classical projection method which was first introduced by Chorin and Temam [37, 39] . Notice that in Eq. (2.20) (2.24) , which is in the order of oðdtÞ, and make all the other viscosity terms discretized explicitly. This numerical treatment avoids the costly iterations induced by the variable coefficient viscosity term while keeping the same order of accuracy. The advantage of the projection scheme is that one only needs to solve two decoupled, Poisson-type equations. In Eq. (2.26), we introduced a first order stabilizing term with the parameter S, whose order is oðdtÞ, to balance the explicit treatment of nonlinear terms while keeping the simplicity. In practice, the value of S is usually numerically selected between 1 and 2. The detailed error and stability analysis of this first order stabilizing term are in [41, 42] . For the binary case, this scheme is shown to be convergent and satisfies the energy law, which warrants a fairly accurate numerical resolution for its solution. We remark that the volume conservation for each fluid phase is strictly enforced by adding the penalizing term
0Þdx to the free energy. This numerical fix makes the Allen-Cahn solver as accurate as the Cahn-Hilliard solver in keeping the volume of each cellular phase conserved.
Results of Phase Field Simulations and Discussions.
We next investigate multicellular aggregate fusion using the numerical code developed based on the multiphase fluid model and the spectral scheme in the previous section. In these phase field simulations, we primarily deal with multicellular aggregates consisting of two cell types, the smooth muscle cell (SMC) and the endothelial cell (EC). We set Re ¼ 1; K 1 ¼ 0:01; K 2 ¼ 0:01; C 1;i ¼ 1; C 2;i ¼ 2500; n 2 ¼ 0:005 in all the simulations presented in this section. We first look into the cell sorting behavior in a cell aggregate with a void, which is presumed to be filled with blood. Initially, we set the multicellular aggregate as a complex fluid mixture of 80% SMCs and 20% ECs that encloses the blood (a void in 2D). The model simulation clearly demonstrates that the ECs migrate to the interior lining the wall of the blood vessel. The snapshots from t ¼ 0 to t ¼ 20 is depicted in Fig. 1 . In this simulation, a haptotactic motion for the ECs is parametrized by n 2 ¼ 0.005. Without this motion, the ECs would not migrate to the blood rich region. This is a distinctive new feature our multiphase phase field model has in contrast to the other existing models mentioned in the Introduction.
Secondly, we examine how the blood vessel fuses in tissue constructs. We begin with two blood vessels already in contact with each other with their SMCs accumulated in the exterior and ECs lining the wall of the blood vessels. The two vessels can fuse into one with ECs lining the wall of the fused (presumably larger) blood vessel eventually. This simulation mimics the in vitro experiment using two blood vessels or an in vivo situation, where the tissue organisms besides the blood vessels are not taken into account. A snapshot of this simulation is depicted in Fig. 2 . It shows the self-assembly of the ECs during this morphogenesis process. If we allow the fusion to go on, the EC distribution lining the wall of the blood vessel will tend to be redistributed evenly. Figures 3 and 4 show the more complex patterns of blood vessel fusion in a selected linear fashion (Fig. 3) and a lateral fashion (Fig. 4) , respectively. Over a long period of time, assuming the environment for cell fusion does not change, the fused blood vessels evolve into a rounded shape with ECs evenly distributed on the wall (Fig. 4) . Next in this set of simulations, we show the in silico results for fusion of seven blood vessels arranged in a line. The intermediate states during this fusion process may differ, but eventually, they can merge into a single large vessel. Figure 5 demonstrates the fusion process with seven blood vessels in close proximity. In reality, the single large blood vessel is only one of the possible outcomes. Experimental and KMC simulations also find other forms of fused blood vessels, such as a couple of disjoint vessels after all vessels have already fused into a single one. These could be stochastic factors that the phase field model cannot address. Since the time of fusion can be controlled in biofabrication, one can control the termination time for fusion. The bifurcation after the formation of a singly connected blood vessel will not be pursued in this study.
Finally, we examine a fusion process where the three vessels are not aligned well and are of slightly different diameters. Figure 6 depicts a simulation with the parameters given previously and in the caption. The fusion process shows a fairly asymmetric pattern during fusion. The time scale to fused single tube seems to be quicker than what have been shown in previous simulations because the initial distance between the tubes are shorter than in the previous cases, where fairly symmetric patterns of fusion are observed. Of course, in this simulation, we terminated the run before the tube becomes fully rounded simply to show the asymmetric effect.
Next, we add one more phase to the model simulation: we consider the case of fusion involving two blood vessels embedded in a fourth tissue phase. Here the blood vessel is represented by a tube whose wall is consisted of the SMCs in the exterior and ECs lining the wall next to the blood. The fourth phase tissue is adjacent to the SMC layer directly. We begin with the blood vessel construct whose wall is made up of mixtures of SMCs and ECs. Figure 7 depicts the fusion process, where phase 3 is the EC, so n 2 ¼ 0, n 3 ¼ 0.005. At t ¼ 0, 50% of SMCs and 50% of ECs are well mixed constituting the walls for the two vessels. As time evolves, the two mixed phases start to phase-separate and the two vessels start fusing into one. At the end of our simulation, the single vessel forms where the SMCs and ECs are well separated in the blood vessel wall with the ECs lining the wall.
These simulations show that the haptotactic mechanism can be used to describe ECs migrating towards the blood rich region in a blood vessel construct. The multiphase phase field theory coupled with the high resolution spectral numerical method provides a useful venue to implement this mechanism.
Conclusion
We have discussed a phase field model (PFM) used to study multicellular aggregate fusion during the tissues' morphological development in biofabrication and to predict tissue structure in bioprinting. Our study is motivated by the growing need to understand the mechanism for morphological development during tissue fusion and the mechanochemical properties of engineered tissue constructs that have practical applications in tissue engineering and regenerative medicine, in particular the emergent field of 3D bioprinting of tissues and organs [8, 43, 44] . The phase field method treats the multicellular aggregate and the host hydrogel matrix as immiscible fluids, in which each cell type forms its own immiscible fluid phase. The model incorporates the long-range attractive interaction force between adjacent cellular aggregates, philic (attractive) interaction in close contact, and the repulsive interaction due to immiscibility of distinctive materials at the material's interface. Moreover, a haptotactic mechanism is effectively implemented in the model to allow endothelial cells to find the "edge" of the blood vessel wall. An efficient, high order spectral method is then employed to discretize the governing partial differential equations in the model. A numerical solver is developed by implementing the high order spectral method in 2D. The solver is applied to simulate some processes taking place in biofabrication of various specific geometric shaped tissues and organs. The hydrodynamic effect involving momentum transport is shown to be important in the initial compaction process; it is later dominated by the philic interaction among the cells once the cellular clusters get in contact to each other. Endothelial cell migration mechanism allows the model to differentiate the SMCs from the ECs in the model.
All the model simulations are motivated by conversations with our experimental collaborators at the Medical University of South Carolina where they have experimented with the analogous lab experiments. Our simulations agree qualitatively with their experimental findings. In the model simulations, the time for fusion of the multicellular systems depends on the initial packing of the cellular spheroids. Tight packing can certainly result in shorter fusion time leading to the final product [22] . A computer aided design tool for biofabrication is therefore a plausible means to simulate the entire biofabrication process and provides guidance to the bioprinting process in precision. Fig. 7 Fusion of two blood vessels involving four material phases. Initially, the SMCs and ECs are mixed up in the layer, where they occupy 50% each. As time evolves, they separate completely into two separate phases with the ECs lining the wall of the blood vessel with n 1 5 0, n 2 5 0, n 3 5 0.005.
